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This paper deals with systems of real differential equations of the form 
x’ = f(t, x, y, l ) x(t,) = x0 
EY’ = g(t, x7 y, l ) YPO) = Yo 
(’ = d/dt), (1) 
where E > 0 is a real parameter and x, f E En and y, g E Em. Two systems are 
associated with (1): 
x' = f (6 x, y, 0) x(to) = x0 , 
(2) 
0 = g(t, x, y, 0) 
which is obtained from (1) by formally setting E = 0, and 
dylds = g(a, A Y, 0) Y(O) = Yo 9 (3) 
where 0 < s < co is a new independent variable and OL, fl are treated as 
parameters. 
System (1) is said to degenerate regularly if the solution of (1) converges 
to that of (2) as E + 0 uniformly on t-intervals of the form to < t, < t < co. 
Conditions are given in [4] under which system (1) degenerates regularly. 
Among these, strong stability requirements are made of the two associated 
systems (2) and (3). This paper investigates the stability properties of 
system (1) under such conditions. 
Where f and g are periodic in t, an asymptotically stable “tube” of solutions 
of (1) is found for each small E > 0 (Theorem 1). Section 2 contains examples 
which deal with some possible alternatives to Theorem 1. In Section 3 
conditions are given which ensure the existence of an asymptotically stable 
solution of (1) for small E > 0 (Theorem 2). The remaining sections are 
devoted to the proof of Theorems 1 and 2. 
The proof of Theorem 2 is based on a result about stability in systems with 
slow time and slowly-varying parameters. In particular, an answer is given to 
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the question: What conditions on system (3), where cy, ,f? are parameters, 
assure the stability of the system 
dylds = g(e B(4, Y, 0) 
for small E? Here B is any bounded differentiable function with a bounded 
derivative. Results similar to this have been found by Hale [2] and Hale and 
Seifert [3]. 
I. AN ASYMPTOTICALLYSTABLETUBEOFSOLUTIONS 
Let SR = {(x, y) E En+m : I x I + I Y I = C I xi I + C I yi I < 4 and 
Z = [0, co). Suppose that f and g satisfy the following conditions: 
(4 f, g, fz, f, , gt , g, , g, E C(Z x SR x [O, ~1) for SOme R and co > 0, 
and these functions are bounded on Z x SR x [0, •~1. Here fz denotes the 
matrix with components afi/ax, , i, j = l,..., 71, etc. 
(B) f(t, 0, 0,O) = 0 and g(t, x, 0,O) = 0 for all t E Z and / x I < R, and 
&x,y,O)#OforO<lyI <R.(C om p are to conditions I and III in [4]). 
With this, (2) for y = 0 can be written in the more convenient form 
x’ = f(t, x, 0,O) x(to) = x0 . (4) 
Let z be the class of all continuous, strictly-increasing, real-valued 
functions d(r), Y 3 0, with d(0) = 0; and let 9’ be the class of all non- 
negative, continuous, strictly-decreasing, real-valued functions u(s), 
0 < s < co, for which u(s) -+ 0 as s + co. 
The two crucial hypotheses are: 
(C) The solution x = 0 of (4) is uniform-asymptotically stable. That is, 
if x = p)(t, to , x0) is the solution of (4) which satisfies ~(t, , to, x0) = x0 , 
there exists d E Y and u E Y such that 
I p)(t, to, x,)1 < d(l x0 I) o(t - to) for I x0 / < R and 0 < t, < t < co. 
(D) The solution y = 0 of (3) . IS uniform-asymptotically stable uniformly 
in (cY,/~)EZX{XEE~:/XI<R}. That is, if y=#(s,yo,a,j3) is the 
solution of (3) which satisfies #(O, y. , 01, /3) = y. for all (01, /3), there exist 
e E X and p E Y such that I #(s, y. , (Y, /3)1 < e(i y. I) p(s) for all 0 < s < co, 
(%B,Yo)EZ x si?. 
Finally, 
(E) f and g are periodic functions of t; that is, there exists T > 0 such 
thatf(t + T, X,Y, 6) =f(t, X,Y, ) z and g(t + T, X, y, c) = g(t, x, y, 6) for all 
(6 x, y, l ) EZ x SR x [O, GOI. 
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Conditions (A)-(E) are sufficient for the existence of an e1 > 0 and a set 
H C S, such that solutions of (l), 0 < 6 < l r , with t, = 0, and (x,, , ys) E H 
exist and remain in S, for 0 < t < co (see Lemma 1 below). Let T,(H) 
denote the set of points (t, x, y) E I x S, which lie on a trajectory of (1) with 
t, = 0 and (x,, , ys) E H. T,(H) is the tube of solutions of (1) issuing from H. 
Define the cross section of T,(H) at t by 
~,G”,(W) = {(x, Y) E SR : (t, x, Y) 6 T,(H)), 
and let @(t, l ) be the homeomorphism of H onto U,( T,(H)) established by (1). 
The tube of solutions T, is asymptotically stable if for every 0 < t, < co 
there exists 8(t, , 6) > 0 such that any solution of (I), x = x(t, e), y = y(t, E), 
which satisfies 
W(x(t, , ~),Y(G , EN; ~tl(TJl = infil x - x(t, , ~11 
+ IY - r(tl, ~11 : (x, Y) E %,(TJ> < act, ,4 
has the property that 
W(x(t, c), r(t, 4); qt(T,)) - 0 as t-co. 
The asymptotically stable tube T, is uniformly asymptotically stable if for every 
E > 0 sufficiently small, the above 6 can be chosen independent of t, . 
The following theorem is proved in Section 4. 
THEOREM 1. Let conditions (A)-(E) be satisfied. Then there exists a uniformly 
asymptotically stable tube of solutions of (1) for each E > 0 su$%ntly small. 
2. EXAMPLES 
Let x and y be scalars and r2 = x2 + y2. 
EXAMPLE 1. With conditions (A)-(E) there need not exist a single 
asymptotically stable solution of (1): Let 
! 
0 for r < E 
f(t, x,y, c) = -x(r2 - ,2)2 for r>c 
--xr* for E = 0, 
and let g(t, x, y, c) = f(t, Y, x, ~1. 
EXAMPLE 2. A modification of an example of Nemytskii and Stepanov 
([6], p. 356) shows conditions (A)-(E) are not sufficient for the existence of 
any stable (Liapunov) periodic solution of (1) for any E > 0. 
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Let 
f(t, x9 Y, 4 
-X(Y2 - 49)s for 2~ < r 
[-X(E - r)2 - y][(x - l )” + y2] COS.~(ZT(Y - 6)/26) for E < r ,< 26 
[x(c - r)2 - y][(x - 4” + Y21 for 0 < r < c 
-XY4 for E = 0, 
and 
go, x9 Y> 4 
-y(r2 - 49)s for 26 < r 
l [-y(e - Y)" + x][(x - •)~ + y2] cos2(7r(~ - E)/~E) for E < r < 26 
E[Y(P - Y)2 + x][(x - c)” + y2] for 0 < r < E 
-yr4 for E = 0. 
EXAMPLE 3. In the nonperiodic case (condition (E) is dropped) there 
need not exist an asymptotically stable tube of solutions of (1) any E > 0. 
Let h(t) = 1 - (1 + t)-l13, 
for y > PI?(t) 
for 1 y 1 < G%(t) 
for y ,< -d’%(t) 
for y30, e=O 
for y < 0, E = 0. 
3. ANASYMPTOTICALLYSTABLE SOLUTION 
Conditions are now given under which there exists an asymptotically 
stable solution of (1) for small E > 0. 
(A’) f and g do not depend explicitly on E. 
Let e, p and # be as in (D). 
(B’) There exist constants K > 0 and 0 < /\ < 1 such that e satisfies 
e(r) = KrA for 0 ,( Y. 
(C’) There exist positive real numbers p, y, TV and v with p > 1 and 
(l/CL) + (l/4 = 1, and y 2 p + (h/p)( 1 - p) such that 
(i) There exists M(s) E C(1) such that 
#(s, Yo 9 a9 8) * hiu(~, Yo 9 % 18) d I Yo 12v w4 
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and #(s, y. , a, 8) * #,j,(s,y,, , 01,jl) < i y. PM(s) for i == l,..., n and 
(s, 4 P, yo) E 1 x 1 x SR . 
(ii) p”(s), pz’“-lllY(s)M(s) ELr(1). 
Observe that if (a/&)(+ * I,!J) and (a/@$)(# * 4) are nonpositive condition 
(D-i) is satisfied. 
(D’) There exists c E X such that 
If@,X,Y) -f(t,x,O)l GC(IY I) for all (6 X,Y)EI x s,. 
The following theorem is proved in Section 5. 
THEOREM 2. Let conditions (A)-(D) and (A’)-(D’) be satisfied. Then the 
solution x = 0, y  = 0 for (1) is asymptotically stable (Liapunov) for each E > 0 
s@ciently small. 
4. PROOF OF THEOREM 1 
The proof of Theorem 1 follows immediately from Lemma 1. 
LEMMA 1. Let conditions(A)-(E) be satisfied. For su.iently small c, there 
exist 0 < e(c) < or , 0 < S(c) < c, and a closed set G, with 
I x S,(,,CG,CI x S, 
such that any solution of (l), 0 < E < E(C), which meets the boundary of G, 
proceeds into and remains in the interior of G, . Moreover, %J,G,) = tift+=(Ge) 
for every 0 < t < 03. 
Remark. If (A)-(E) are replaced by (A)-(D), (A’), (D’), there exists a 
set G, with the above properties except the cross sections may not be periodic. 
Briefly, Lemma 1 is proved as follows: Conditions (A)-(D) are sufficient 
for the existence of Liapunov functions V(t, x) and W((Y, ,!I, y) for systems (4) 
and (3), respectively. Given c > 0, it is shown that the set 
G, = {(t, x, y) ~1 x SR : V(t, x) < c and W(t, x, y) < k(c)} 
has the desired properties for small k(c). Th e p eriodicity of the cross sections 
of G, follows from the periodicity of the functions I’ and W. The details can 
be found in ([q, Lemma 3). 
Take c < R to which the above lemma applies. Let Ha = gO(G,). For 
0 < e < E(C), @(T, e) H, is a closed set contained in the interior of 
%‘r(GJ = H, . Similarly, @((n + 1) T, e) H,, C @(nT, E) H0 C H,, for 
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?I = 1, 2, 3 ,.... Thus H(r) = fizz1 @(nT, 6) H, is a nonempty closed subset 
ofH,. 
Then T, = {(t, X, y) E I x S, : (x, y) E @(t, E) H(E)) is the set of all points 
in I x S, which lie on a trajectory of (1) issuing from H(e). 
It follows directly from gtfT(Ge) = V,(G,) that V,+r(T,) = Ur(T,) for 
0 < t < co. Thus, 
inf{dist(Vt(T,); complement V,(G,)) : 0 < t < T} = 6 > 0. 
Any solution of (1) with dist((x, , ys); VtO( T,)) < 6 therefore satisfies 
lim(t -+ co) dist(x(t, E), r(t, c)); U,(T,)) = 0. This establishes that the tube 
of solutions T, is uniformly asymptotically stable. 
Remark. Obviously, if the set H(E) has the fixed-point property with 
respect to diffeomorphisms, system (1) has a solution of period T. Moreover, 
if H(E) = {(i, 9)}, th e corresponding periodic solution of (1) is asymptotically 
stable. 
5. PROOF OF THEOREM 2 
Consider the system 
dylds = gh 8, Y, 0). (3) 
Let # be as in condition (D) and let gN be the set of all functions B(t) : I -+ En 
with B E C’(I), ( B(t)/ < R and ( B’(t)] < N for t E I. With this there is 
LEMMA 2. Let g(t, x, y, 0) satisfy conditions (A), (B), (D), (B’) and (C’). 
There exists 6’ > 0 such that for each 0 < E < 6’ the solution y = 0 of 
dylds = g(cs + 7, B(ES + 4, y, 0) (5) 
is uniform-asymptotically stable uniformly in B E aN for any fixed r E I. 
Remark. The same proof goes through for the case where g is allowed to 
depend explicitly on s in (3). 
The proof of Lemma 2 follows from the construction of a Liapunov 
function for (3) which can be used with (5). 
Proof (of Lemma 2). Define 
~(a, ,& y) = j-y [#(u, Y, 01, B> . #(u, Y, 01, BP da 
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Clearly V has the following properties: 
(i) VE C’(1 X S,), 
(ii) V(ol, j3,O) = 0 for all (or, /3,0) E I x SR , 
(iii) P(a, B, y) d K I Y lAp 1” PO4 du, 
0 
(iv) V(OT, /3, y) > Kr 1 y I”n+l for some constant KI > 0, 
(4 (44 vv(a, 8, ICI@, yo 3 a>B)) 
= WY) V/(% B, #(S> Yo 9 % BN * A% BY 9% Yll > % 819 0) 
= (44 jm k,@, #(s,yo 9 c~8), 01, P> * #(u, V%YO 3 01, B), 01, /W’d~ 
= -MS, Jo > % B) * #(s, Yo 7 01) B)P, 
which is written as (d/ds) V(CX, /3, y)cs) = -(y . Y)~“; 
(vi) From condition (D’), 
= 
s O” 2p[#, Y, 01, B) . #(w Y, 01, ,W-W(u> Y, 01, B> . W4 #(u, Y, c~B)l du 0 
s 
c-3 
< &,~2(~-1)/~ 1 y I~[Y+W(D-~)I ,,,2’~-W’(4 J,f@) & 
0 
G 2PK2(*-1’/u 1 y 12~ j)qu) p’2”~-l”‘(u) du = K2 I y l2p 
for all (a, /3, y) E I X S, . Similarly, 
(vii) (alap,) V((Y, P,y) < 1 y 12”K2 for (01, p, y) E I x S, and i = l,..., m. 
With this, V(ES + T, B(ES + T), y) is a Liapunov function for (5) for small 
E > 0. We need only show that the derivative of this function, along the 
solutions of system (5), is negative-definite uniformly in B E gN . Let 
y = y(s, y. , e) denote the solution of (5) for some fixed 7 E 1. Then 
(44 Ves + 7, B(ES + 4,~) 
= E [(a/&) + f B;(es + T)(+&)] * V(a + 7, B(a + 4y(s,yo 9 e)) 
i=l 
+ (Wy)V(rs+~, B(ES + +o,yo ,4 *gb+~, B(ES ++Y(GYO 3 +O) 
B [& + 1) K - 11 I y(s,yo , 412p. 
Let E’ = l/(m + 1) K, . Then for 0 < < < E’, 
(d/h) V(ES + 7, B(ES + T>, y) < [+ + 1) K2 - 11 I Y lzp. 
This completes the proof of Lemma 2. 
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With condition (A’) system (1) becomes 
2’ = f(t, x, Y) x(to) = x0 (64 
CY’ = g(t, x, Y) Y(to) = Yo * (6b) 
The transformation ES = t - to takes system (6) into 
dx/ds = f (to + ES, x, y) x(0) = x0 (7a) 
dylds = g(to + ES, x, Y) Y(O) = Yo (7b) 
According to the remark following Lemma 1, the conditions of Theorem 2 
are sufficient for the existence of 6 > 0 and eg > 0 such that any solution of 
(6190 -=c d < ~2 > which lies initially in Ss , remain in SR for all to < t < CO. 
Let x(t, l ), y(t, c) be a solution of (6) with 0 < e < l 2 and (x0 , yo) E Ss . 
Clearly, x = x(t, + 0, E), y(to + ES, c) solves (7). If 
N = q{lf(t, X,Y)l : (t, x, Y) EI x SRI, 
x(t, l ) E BN for 0 < E < c2 . It follows from Lemma 2 that the solution 
y = 0 of (7b) is uniform-asymptotically stable uniformly in B E gN for each 
small E > 0, say 0 < E < l a . Thus there exist a, E Z, rr, E Y and R’(E), 
0 < R’(r) < R such that 
for SCI and I YO I 9 R’. 
I y(t, 41 < 4 y. I) rJ(t - to)ld for 0 d to < t, 0 < E < c3 and I y. I < R’. 
Thus for 0 < E < ~a and (x0 , yo) E Sa* ,6’ = min(R’(<), 6). 
I r(t, 41 < 4W4) d(t - to)/4 
Condition (C) is sufficient for the existence of a real-valued function 
U(t, x) E C’(1 x {x E En : I x I < R)) and functions a, 6, d E X such that 
(i) u(lxI)<U(t,x)<b(Jx~)fort~IandIxI<R, 
(ii) (dF’/dt),,, = Ut(t, x) + U&t, x) *f(t, x, 0) = -d(l x I) for t ~1 
and I x I < R, 
(iii) there exists a constant P such that I U,(t, x)1 < P for t E 1 and 
1 x 1 < R. (See [5]). 
Define 
at, X,Y) = JTt, X,Y) + qt, x), 
50514/3-4 
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where V(t, x, y) is given in the proof of Lemma 2. Z has the following 
properties: 
(i) There are constants C, C’ > 0 such that 
Cl y lzp+l + a(1 x I) < Z(t, x,y) < C’I y Idp + b(l x I) for (t, x,y) EI x SR , 
(ii) (44 Z(f, x(C f), y(t, ~1) = Zt + Z, - f + (l/c> Z, * g 
< (C” - u/4 I ye, 41”” - 4 44 4) + 4G-v d(t - cJ/~N 
for some constant C” > 0 and for all t E I, 0 < E < l a provided (x0 , ya) E Se, . 
Therefore, for 0 < e < (l/C”), (dZ/dt),,, is negative-definite and 
(dZ/dt),,, + ((l/r) - C”)i y 12p + d(l x I) -+ 0 as t -+ co uniformly in 
(x0 3 Yo) E &, - From this follows the asymptotic stability of the solution 
x = 0, y = 0 of (6) for each small f > 0 ([I], Theorem 11). 
This completes the proof. 
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